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1. Introduction
The Lp-theory of differential forms has been developed very rapidly in recent years. Many important results have been
obtained and widely used in PDEs, potential theory, and so forth; see [1–4]. Norm estimates are important in studying some
properties of the solutions of PDEs. Since the homotopy operator provides a decomposition to differential forms, it plays a
crucial role in Lp estimates of differential forms. Therefore, in the present paper, we are motivated to establish some strong
(p, q)-type norm inequalities for the homotopy operator.
We start this paper by introducing some notation and definitions. Throughout this paper, we always use E to denote
an open subset of Rn, n ≥ 2. Assume that B ⊂ Rn is a ball and σB is a ball with the same center as B and with
diam(σB) = σdiam(B). Here we do not distinguish the balls B from cubes Q . Let ∧k = ∧k(Rn), k = 0, 1, . . . , n, be the
linear space of all k-forms ω(x) = ∑I ωI(x)dxI = ∑ωi1,i2,...,ik(x)dxi1 ∧ dxi2 ∧ · · · ∧ dxik with summation over all ordered
k-tuples I = (i1, i2, . . . , ik), 1 ≤ i1 < i2 < · · · < ik ≤ n. If the coefficient ωI(x) of k-form ω(x) is differential on E, then we
callω(x) a differential k-form on E and use D′(E,∧k) to denote the space of all differential k-forms on E. In fact, a differential
k-form ω(x) is a Schwartz distribution on E with value in∧k(Rn). As usual, we still use ⋆ to denote the Hodge star operator.
Also, we use d : D′(E,∧k)→ D′(E,∧k+1) to denote the differential operator and use d⋆ : D′(E,∧k+1)→ D′(E,∧k) to denote
the Hodge codifferential operator defined by d⋆ = (−1)nk+1 ⋆ d⋆ on D′(E,∧k+1), k = 0, 1, . . . , n− 1.
A weight w(x) is a non-negative locally integrable function on Rn. The Lebesgue measure of a set E ⊂ Rn is denoted by
|E|. Lp(E,∧k) is a Banach space with norm
‖ω‖p,E =
∫
E
|ω(x)|pdx
1/p
=
∫
E
−
I
|ωI(x)|2
p/2
dx
1/p .
Similarly, for a weight w(x), we use Lp(E,∧k, w) to denote the weighted Lp space with norm ‖ω‖p,E,w =

E |ω(x)|p
w(x)dx
1/p
. Sometimes for short we also use ‖ω‖p,E,µ =

E |ω(x)|pdµ
1/p to denote the norm of weighted Lp space, where
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dµ = w(x)dx. The main goal of this paper is to establish some norm comparison inequalities for differential forms, which
implies that we will pay more attention to those forms from Ωq,p(E,∧k−1). Here Ωq,p(E,∧k−1) is the space of all (k − 1)-
forms ω in Lq(E,∧k−1) such that dω ∈ Lp(E,∧k).
Let D ⊂ Rn be a bounded and convex domain. Iwaniec and Lutoborski in [3] first defined a linear operator Ky :
C∞(D,∧k)→ C∞(D,∧k−1) satisfying that
(Kyω)(x; ξ1, ξ2, . . . , ξk−1) =
∫ 1
0
tk−1ω(tx+ y− ty; x− y, ξ1, ξ2, . . . , ξk−1)dt.
Then by averaging Ky over all points y inD, they constructed a homotopy operator T : C∞(D,∧k)→ C∞(D,∧k−1) satisfying
that Tω = D ϕ(y)Kyωdy, where ϕ ∈ C∞0 (D) is normalized so that  ϕ(y)dy = 1. In [3], they also proved that there exists
an operator T : L1loc(D,∧k)→ L1loc(D,∧k−1), k = 1, 2, . . . , n, such that
T (dω)+ dTω = ω; (1.1)
|Tω(x)| ≤ C
∫
D
|ω(y)|
|y− x|n−1 dy (1.2)
for all differential formsω ∈ Ωp,p(D,∧k). Furthermore, in order to establish analogy results with the classical Poincaré-type
inequalities, for ω ∈ Lp(D,∧k), 1 ≤ p ≤ ∞, the k-form ωD ∈ D′(D,∧k) is defined by ωD = 1|D|

D ω(y)dy, if k = 0 and
ωD = d(Tω), if k = 1, 2, . . . , n. It is easy to see that ωD is a closed form.
Consider the nonhomogeneous A-harmonic equation for differential forms
d⋆A(x, dω) = B(x, dω), (1.3)
where A : E ×∧k(Rn)→ ∧k(Rn) and B : E ×∧k(Rn)→ ∧k−1(Rn) are two operators satisfying the conditions:
|A(x, ξ)| ≤ a|ξ |p−1, A(x, ξ) · ξ ≥ |ξ |p and |B(x, ξ)| ≤ b|ξ |p−1
for almost every x ∈ E and all ξ ∈ ∧k(Rn). Here a, b > 0 are some constants and 1 < p <∞ is a fixed exponent associated
with (1.3). A solution to (1.3) is an element of the Sobolev spaceW 1,ploc (E,∧k−1) such that∫
E
A(x, dω) · dϕ + B(x, dω) · ϕ = 0 (1.4)
for all ϕ ∈ W 1,ploc (E,∧k−1)with compact support.
2. Boundedness of the homotopy operator in Lp spaces with Ar -weights
In [1], Ding et al. proved theweighted strong (p, p)-type inequality ‖Tu‖p,D,w ≤ C‖u‖p,D,w, 1 < p <∞, for the solution of
the nonhomogeneous A-harmonic equation provided the weightw(x) satisfies the Ap condition. In this section, we consider
to establish a weighted strong (p, p)-type inequality for n < p < ∞ and all differential forms ω ∈ Lp(D,∧l), which needs
a slight limit to the Ar weight. We do this by establishing a norm comparison inequality in the balls B ⊂ D. Then using the
modified Whitney cover given by Nolder in [5], we develop the local result to the global version.
In [6], Gol’dshtein and Troyanov proved the following.
Lemma 2.1. Let D ⊂ Rn be a bounded convex domain. The operator T maps Lp(D,∧l) continuously to Lq(D,∧l−1) in the
following cases:
Either 1 ≤ p, q ≤ ∞ and 1/p− 1/q < 1/n,
or 1 < p, q ≤ ∞ and 1/p− 1/q ≤ 1/n.
Above conclusion is a direct corollary of properties (1.1) and (1.2). Gol’dshtein and Troyanov further revealed that the
norm of T is at most ‖ |x|1−n‖t,D, where t = pq/(p+ pq− q).
The Ar weights, r > 1, were first introduced byMuckenhoupt in [7] and play a crucial role in weighted norm inequalities
for many operators. Here we just recall the Ar single weights.
Definition 2.2. We say a weightw(x) satisfies the Ar(E) condition for r > 1, writew(x) ∈ Ar(E), ifw(x) > 0 a.e. and
sup
B⊂E

1
|B|
∫
B
wdx

1
|B|
∫
B

1
w
1/(r−1)
dx
r−1
= cr,w <∞.
For Ar weights, we also need the following result which appears in [8].
1782 H. Bi, S. Ding / Computers and Mathematics with Applications 62 (2011) 1780–1789
Lemma 2.3. If w ∈ Ar(E), then there exist constants β > 1 and C, independent of w, such that
‖w‖β,B ≤ C |B|(1−β)/β‖w‖1,B
for all balls B ⊂ E.
Theorem 2.4. Let D ⊂ Rn be a bounded convex domain, n < p <∞ and T : Lp(D,∧l)→ Lp(D,∧l−1), l = 1, 2, . . . , n, be the
homotopy operator. If w satisfies the Ar(D) condition with 1 < r < p/n, then for any ω ∈ Lp(D,∧l), there exists a constant C
such that
‖Tω‖p,B,w ≤ C‖ω‖p,B,w
for all balls B ⊂ D.
Proof. Sincew ∈ Ar(D), by Lemma 2.3, there exist constants β > 1 and C1 such that
‖w‖β,B ≤ C1|B|(1−β)/β‖w‖1,B (2.1)
for all balls B ⊂ D. Choose that k = βp/(β − 1). From Hölder inequality with 1k + 1βp = 1p , we have
‖Tω‖p,B,w =
∫
B
|Tω|pwdx
1/p
≤
∫
B
|Tω|kdx
1/k ∫
B
wβdx
1/βp
= ‖Tω‖k,B‖w‖1/pβ,B. (2.2)
Thus, substituting (2.1) into (2.2), we obtain
‖Tω‖p,B,w ≤ C2|B|(1−β)/βp‖Tω‖k,B‖w‖1/p1,B . (2.3)
Takem = p/r . It is easy to see thatm > 1 and 1m − 1k < 1n . Hence, it follows from Lemma 2.1 that
‖Tω‖k,B ≤ C3‖ω‖m,B. (2.4)
Combining (2.3) and (2.4), we have
‖Tω‖p,B,w ≤ C4|B|(1−β)/βp‖ω‖m,B‖w‖1/p1,B . (2.5)
Using Hölder inequality with 1p + r−1p = 1m , we have
‖ω‖m,B ≤
∫
B
(|ω|w1/p)pdx
1/p ∫
B

1
w
 1
r−1
dx
 r−1
p
= ‖ω‖p,B,w
∫
B

1
w
 1
r−1
dx
 r−1
p
. (2.6)
Note thatw ∈ Ar(D), hence there exists some constant C5 such that
1
|B|
∫
B
wdx
1/p  1
|B|
∫
B

1
w
1/(r−1)
dx
(r−1)/p
< C5 <∞
for all balls B ⊂ D. Thus, observing (2.5) and (2.6), we immediately obtain that
‖Tω‖p,B,w ≤ C6|B|
1−β
pβ |B| 1p |B| r−1p ‖ω‖p,B,w
= C6|B|
r
p+ 1−βpβ ‖ω‖p,B,w
≤ C6|D|
r
p+ 1−βpβ ‖ω‖p,B,w
≤ C7‖ω‖p,B,w. (2.7)
We complete the proof of Theorem 2.4. 
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In order to obtain the boundedness of T , we need the following modified Whitney cover, which was given by Nolder
in [5].
Lemma 2.5. Each open subset E ⊂ Rn has a modified Whitney cover of cubes W = {Qi} which satisfies
∪i Qi = E, (2.8)−
Qi∈W
χ√5/4Qi(x) ≤ N · χE(x), (2.9)
for all x ∈ Rn and some N > 1, where χE is the characteristic function for the set E.
Theorem 2.6. Let D ⊂ Rn be a bounded convex domain and n < p <∞. If w(x) satisfies the Ar(D) conditionwith 1 < r < p/n,
then the homotopy operator T : Lp(D,∧l, w)→ Lp(D,∧l−1, w), l = 1, 2, . . . , n, is bounded.
Proof. From Lemma 2.5 and the properties of Whitney cover, we know that there exists a sequence of cubes {Qi} such that
∪Qi = D and∑∞i=1 χ 5
4 Qi
(x) ≤ N · χD(x) for all x ∈ D, where N > 1 is some constant. Hence, for u ∈ Lp(D,∧l, w), we have
‖T (u)‖pp,D,w =
∫
D
|T (u)|pdµ
≤
∞−
i=1
∫
Qi
|T (u)|pdµ
≤
∞−
i=1
C
∫
Qi
|u|pdµ
= C
∞−
i=1
∫
D
|u|pχQi(x)dµ
= C lim
n→∞
∫
D
n−
i=1
|u|pχQi(x)dµ, (2.10)
where dµ = w(x)dx and the constant C is independent of u and each Qi. If we write that an(x) =∑ni=1 |u|pχQi(x), for x ∈ D,
then it is easy to find that {an(x)} is an increasing sequence of functions in D and an(x) ≤ N|u|pχD(x) for all x ∈ D. Thus,
from the monotone convergence theorem, we have that
lim
n→∞
∫
D
n−
i=1
|u|pχQi(x)dµ =
∫
D
lim
n→∞
n−
i=1
|u|pχQi(x)dµ
≤ N
∫
D
|u|pχD(x)dµ
= N‖u‖pp,D,w. (2.11)
Combining (2.10) and (2.11), we complete the proof of Theorem 2.6. 
3. Norm estimates with power-type weights
Let S ⊂ Rn be a bounded domain andM be a nonempty subset of S¯ = S ∪ ∂S. If we use dist(x,M) to denote the distance
of the point x from the set M , then w(x) = (dist(x,M))ε for ε ∈ R is called power-type weight. Therefore, according to
the sign of ε, the singularities or degenerations can appear on the boundary of S or in the interior of S. Power-type weights
play an important role in studying the properties of weighted Sobolev spaces. Let h = h(t), t > 0, be a continuous positive
function. If we take the weight w(x) = h(dist(x,M)), then the Sobolev spaces W k,p(S) and W k,p(S, w) have the following
embedding relationship:
(1) if limt→0w(t) = 0, thenW k,p(S) ↩→ W k,p(S, w);
(2) if limt→0w(t) = ∞, thenW k,p(S, w) ↩→ W k,p(S).
For more details on power-type weights, see [9,10].
The following Lemma 3.1 appears in [6], which is an immediate corollary of (1.1), (1.2) and Lemma 2.1.
Lemma 3.1. The operator T : Ωp,r(D,∧k)→ Ωq,p(D,∧k−1) is bounded provided that
either (1) 1 ≤ p, q, r ≤ ∞ such that 1/p− 1/q < 1/n and 1/r − 1/p < 1/n,
or (2) 1 < p, q, r ≤ ∞ such that 1/p− 1/q ≤ 1/n and 1/r − 1/p ≤ 1/n.
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Theorem 3.2. Let D ⊂ Rn be a bounded convex domain, 1 < p, q < ∞ and 0 ≤ 1/p − 1/q ≤ 1/n. If T : Lp(D,∧l) →
Lq(D,∧l−1), l = 1, 2, . . . , n, be the homotopy operator, then for any u ∈ Ωp,p(D,∧l), there exists a constant C, independent of
u, such that
‖T (u)− (T (u))D‖q,D ≤ C(‖u‖p,D + diam(D)‖du‖p,D).
Proof. Let T be the homotopy operator. Then, for any differential form u ∈ Ωp,p(D,∧l), l = 1, 2, . . . , n, we have the
decomposition
u = T (du)+ d(Tu). (3.1)
Note that u is an element ofΩp,p(D,∧l), l = 1, 2, . . . , n and 0 ≤ 1p − 1q ≤ 1n . From Lemmas 2.1 and 3.1, we have
‖T (u)− (T (u))D‖q,D = ‖T (d(T (u)))‖q,D ≤ C1‖d(T (u))‖p,D. (3.2)
Here C1 is a constant independent of u. Applying Young’s convolution inequality with (1.2) (see [3] for details), we have
‖d(T (u))‖p,D = ‖u− T (du)‖p,D ≤ ‖u‖p,D + ‖T (du)‖p,D
≤ ‖u‖p,D + C2diam(D)‖du‖p,D. (3.3)
Substituting (3.3) into (3.2) implies that
‖T (u)− (T (u))D‖q,D ≤ C(‖u‖p,D + diam(D)‖du‖p,D).
Here C = max(C1, C1C2), which is related to the domainD and independent of u. We complete the proof of Theorem 3.2. 
So far, many nice results for the solutions of the A-harmonic equation have been found. In order to obtain a further
conclusion, we need the following Caccioppoli-type inequality.
Lemma 3.3. Let u ∈ D′(E,∧l), l = 0, 1, . . . , n, be a solution of the nonhomogeneous A-harmonic equation in a domain E ⊂ Rn
and σ > 1 be some constant. Assume that 1 < p <∞ is a fixed exponent associated with the A-harmonic equation. Then there
exists a constant C, independent of u, such that
‖du‖p,B ≤ C |B|−1/n‖u− c‖p,σB
for all balls B with σB ⊂ E and all closed forms c.
Corollary 3.4. Let D ⊂ Rn be a bounded convex domain, 1 < p, q < ∞ and 0 ≤ 1/p − 1/q ≤ 1/n. If T : Lp(D,∧l) →
Lq(D,∧l−1), l = 1, 2, . . . , n, be the homotopy operator and u ∈ Ωp,p(D,∧l) is a solution of the nonhomogeneous A-harmonic
equation, then there exists constant C, independent of u, such that
‖T (u)− (T (u))B‖q,B ≤ C‖u‖p,σB
for all balls B with σB ⊂ D. Here σ > 1 is some constant.
Proof. From Theorem 3.2, we know that
‖T (u)− (T (u))B‖q,B ≤ C1(‖u‖p,B + diam(B)‖du‖p,B). (3.4)
Note that u is a solution of the nonhomogeneous A-harmonic equation. Hence, the Caccioppoli inequality holds for each
closed form c in D. Thus, taking c = 0, we have
‖du‖p,B ≤ C2(diam(B))−1‖u‖p,σB, (3.5)
where σ > 1 is some constant. Combining (3.4) and (3.5), we obtain
‖T (u)− (T (u))B‖q,B ≤ C3(‖u‖p,B + C4‖u‖p,σB)
≤ C5‖u‖p,σB
for all balls Bwith σB ⊂ D. This ends the proof of Corollary 3.4. 
Next, we consider the norm comparison equipped with power-type weights. In the study of partial differential and
integral equations, readers are always interested in some ‘‘bad’’ behavior occurred on the boundary or in the interior of
domains. For instance, for degenerate PDEs, singularities can be caused by the coefficients of the corresponding differential
operator, which promote us to investigate the singular weighted cases.
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Theorem 3.5. Let D ⊂ Rn be a bounded convex domain, 1 < p, q < ∞ and 0 ≤ 1/p − 1/q ≤ 1/n. Suppose that
T : Lp(D,∧l) → Lq(D,∧l−1), l = 1, 2, . . . , n, be the homotopy operator and that continuous functions h and g defined in
(0,+∞) satisfy that (1) limt→0 h(t) = 0; (2) limt→0 g(t) = ∞. Then for any u ∈ Ωp,p(D,∧l), there exists a constant C such
that
‖T (u)− (T (u))D‖q,D,µ1 ≤ C(‖u‖p,D,µ2 + diam(D)‖du‖p,D,µ2),
where dµ1 = h(dist(x, ∂D))dx and dµ2 = g(dist(x, ∂D))dx.
Proof. It is easy to see from Theorem 3.2 that
‖T (u)− (T (u))D‖q,D ≤ C1(‖u‖p,D + diam(D)‖du‖p,D). (3.6)
Fix ε > 0. Then there exists δ1(ε) > 0 such that h(dist(x, ∂D)) < ε for all x ∈ D with dist(x, ∂D) < δ1. Let D1 =
{x ∈ D : dist(x, ∂D) < δ1} and D2 = D \ D1. Then for all x ∈ D2, we have
δ1 ≤ dist(x, ∂D) ≤ diam(D).
Therefore, there existsM1 > 0 such that
h(dist(x, ∂D)) < M1 for all x ∈ D2.
Thus, we have
‖T (u)− (T (u))D‖q,D,µ1 =
∫
D
|T (u)− (T (u))D|qh(dist(x, ∂D))dx
1/q
≤

ε
∫
D1
|T (u)− (T (u))D|qdx+M1
∫
D2
|T (u)− (T (u))D|qdx
1/q
≤ C2
∫
D
|T (u)− (T (u))D|qdx
1/q
. (3.7)
Here C2 = max(ε1/q,M1/q1 ). From (3.6), we have
‖T (u)− (T (u))D‖q,D,µ1 ≤ C2‖T (u)− (T (u))D‖q,D
≤ C3(‖u‖p,D + diam(D)‖du‖p,D). (3.8)
Note that limt→0 1g(t) = 0. Then there exists δ2(ε) > 0 such that 1g(dist(x,∂D)) < ε for all x ∈ D with dist(x, ∂D) < δ2. Let
D′1 = {x ∈ D : dist(x, ∂D) < δ2} and D′2 = D \ D′1. The continuity of g implies that there existsM2 > 0 for which
1
g(dist(x, ∂D))
< M2 for all x ∈ D′2.
Hence, we have
‖u‖p,D =
∫
D
|u|p 1
g(dist(x, ∂D))
dµ2
1/p
≤

ε
∫
D′1
|u|pdµ2 +M2
∫
D′2
|u|pdµ2
1/p
≤ C4
∫
D
|u|pdµ2
1/p
= C4‖u‖p,D,µ2 . (3.9)
Similarly, we also can obtain that
‖du‖p,D ≤ C5‖du‖p,D,µ2 . (3.10)
Combining (3.8)–(3.10) follows that
‖T (u)− (T (u))D‖q,D,µ1 ≤ C(‖u‖p,D,µ2 + diam(D)‖du‖p,D,µ2).
We complete the proof of Theorem 3.5. 
If we choose h(t) = t r and g(t) = t−s, 0 < r, s <∞, in Theorem 3.5, we have the following corollary.
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Corollary 3.6. Let D ⊂ Rn be a bounded convex domain, 1 < p, q < ∞ and 0 ≤ 1/p − 1/q ≤ 1/n. Suppose that
T : Lp(D,∧l)→ Lq(D,∧l−1), l = 1, 2, . . . , n, be the homotopy operator. Then for any u ∈ Ωp,p(D,∧l), there exists a constant
C such that∫
D
|T (u)− (T (u))D|q(dist(x, ∂D))rdx
1/q
≤ C
∫
D
(|u|p + |du|p) 1
(dist(x, ∂D))s
dx
1/p
.
Here 0 < r, s <∞.
Note that in the proof of Theorem 3.5, in particular, if we let the homotopy operator T act on the solution of the
nonhomogeneous A-harmonic equation, then we can drop the condition limt→0 h(t) = 0. We state the result as follows.
Corollary 3.7. Let D ⊂ Rn be a bounded convex domain, 1 < p, q < ∞ and 0 ≤ 1/p − 1/q ≤ 1/n. Suppose that T :
Lp(D,∧l)→ Lq(D,∧l−1), l = 1, 2, . . . , n, be the homotopy operator and u ∈ Ωp,p(D,∧l) is a solution of the nonhomogeneous
A-harmonic equation. If continuous functions h and g defined in (0,+∞) satisfy that limt→0 g(t) = ∞, dµ1 = h(dist(x, ∂D))dx
and dµ2 = g(dist(x, ∂D))dx, then there exists a constant C such that
‖T (u)− (T (u))B‖q,B,µ1 ≤ C‖u‖p,σB,µ2
for all balls B with σB ⊂ D. Here σ > 1 is some constant.
It is easy to observe that the above corollary does not hold for balls B ⊂ D with ∂B ∩ ∂D ≠ ∅ but for those balls B with
σB ⊂ D. It is because that dist(x, ∂D), x ∈ B ⊂ σB ⊂ D, has a positive lower bound.
Finally, we end this paper by the following singular integral inequality. We need the following weak reverse Hölder
inequality, which appears in [11].
Lemma 3.8. Let u be a solution of the nonhomogeneous A-harmonic equation, σ > 1 and 0 < s, t < ∞. Then there exists a
constant C, independent of u and B, such that
‖u‖s,B ≤ C |B|(t−s)/st‖u‖t,σB
for all balls B with σB ⊂ E.
Theorem 3.9. Let D ⊂ Rn be a bounded convex domain, 1 < p, q < ∞ and 0 ≤ 1/p − 1/q ≤ 1/n. Suppose that
T : Lp(D,∧l) → Lq(D,∧l−1), l = 1, 2, . . . , n, be the homotopy operator and u ∈ Ωp,p(D,∧l) is a solution of the
nonhomogeneous A-harmonic equation. If functions h(t) and g(t), t > 0, are continuous and h(t) is an increasing function
defined in (0,∞). Then there exists a constant C independent of u such that∫
B
|T (u)− (T (u))B|q 1g(dist(x, ∂D))dx
 1
q
≤ C |B|(p−q)/pq
∫
σB
|u|p 1
(h(dist(x, ∂D)))λ
dx
 1
p
(3.11)
for all σB ⊂ D and 0 < λ < 1. Here σ > 1 is some constant.
Proof. Let k = q1−λ . It is easy to see from 0 < λ < 1 that k > q. Using the Hölder inequality, we have∫
B
|T (u)− (T (u))B|q 1g(dist(x, ∂D))dx
 1
q
≤
∫
B
|T (u)− (T (u))B|kdx
 1
k
∫
B
1
(g(dist(x, ∂D)))
k
k−q
dx
 k−q
kq
= ‖T (u)− (T (u))B‖k,B
∫
B
1
(g(dist(x, ∂D)))
k
k−q
dx
 k−q
kq
. (3.12)
Note that σB ⊂ D and g is continuous in (0,∞). Therefore, there exists a positive number c such that
c ≤ dist(x, ∂D) ≤ diam(D), for all x ∈ B.
Furthermore, by the continuity of function g, g(dist(x, ∂D)) has a positive lower boundM in B. Thus, from Corollary 3.4 and
(3.12), we obtain∫
B
|T (u)− (T (u))B|q 1g(dist(x, ∂D))dx
 1
q
≤

1
M
 1
q
|B| k−qkq ‖T (u)− (T (u))B‖k,B
≤ C1|B|
k−q
kq ‖u‖k,σ1B, (3.13)
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where σ1 > 1 is a constant. Let ε ∈ (1/p, 1) and m = εp. Since u is the solution of the nonhomogeneous A-harmonic
equation. By the weak reverse Hölder inequality, we have
‖u‖k,σ1B ≤ C2|σ1B|
m−k
mk ‖u‖m,σB, (3.14)
where σ > σ1 > 1 is a constant. It is easy to find that 1 < m < p. Using the Hölder inequality again follows that
‖u‖m,σB =
∫
σB
|u|m 1
(h(dist(x, ∂D)))
mλ
p
· (h(dist(x, ∂D)))mλp dx
 1
m
≤
∫
σB
|u|p
(h(dist(x, ∂D)))λ
dx
 1
p
∫
σB
((h(dist(x, ∂D)))
λ
p )
mp
p−m dx
 p−m
mp
. (3.15)
The continuity and monotonicity of function h imply that∫
σB
((h(dist(x, ∂D)))
λ
p )
mp
p−m dx
 p−m
mp
=
∫
σB
(h(dist(x, ∂D)))
ελ
1−ε dx
 1−ε
εp
≤ |σB| 1−εεp (h(diamD)) λp . (3.16)
Hence, combining (3.13)–(3.16), we have∫
B
|T (u)− (T (u))B|q 1g(dist(x, ∂D))dx
 1
q
≤ C3|B| 1q− 1k |σ1B| 1k− 1m |σB| 1−εεp (h(diamD)) λp
∫
σB
|u|p 1
(h(dist(x, ∂D)))λ
dx
 1
p
= C4|σB|
p−q
pq
∫
σB
|u|p 1
(h(dist(x, ∂D)))λ
dx
 1
p
.
Here the constant C4 is dependent of balls B and independent of u. Thus, we complete the proof of Theorem 3.9. 
4. Applications
The homotopy operator provides a decomposition to differential forms ω ∈ Ωp,p(D,∧l). But sometimes, the expression
of Tu or (Tu)B may be quite complicated. However, using the estimates in Section 3, we can obtain the upper bound for the
Lp norms of Tu or (Tu)B in terms of the Lq norms of u or du.
Let B = 0 and u be a 0-form in the nonhomogeneous A-harmonic equation (1.3). Thus, (1.3) reduces to the usual
A-harmonic equation
div A(x,∇u) = 0. (4.1)
In particular, if we take the operator A(x, ξ) = ξ |ξ |p−2, then the Eq. (4.1) reduces to the p-harmonic equation
div(∇u|∇u|p−2) = 0. (4.2)
It is easy to check that the famous Laplace equation1u = 0 is a special case of p = 2 to the p-harmonic equation.
Example 4.1. In R2, consider that
u(x, y) = arctan y
x− 1 − arctan
y
x+ 1 .
It is easy to check that u(x, y) is harmonic in the upper half plane. Note that
du = ∂u
∂x
dx+ ∂u
∂y
dy
and
⋆du = ∂u
∂x
dy− ∂u
∂y
dx.
Therefore, we have
d ⋆ du =

∂2u
∂x2
+ ∂
2u
∂y2

dx ∧ dy = 0,
1788 H. Bi, S. Ding / Computers and Mathematics with Applications 62 (2011) 1780–1789
which implies that ⋆du is a closed form and hence is a solution of the nonhomogeneous A-harmonic equation. It is easy to
see that
| ⋆ du| = 1[(x− 1)2 + y2][(x+ 1)2 + y2] .
Let D denote a bound convex domain in the upper half plane and σ B¯ ⊂ D be a closed ball without the points (−1, 0) and
(1, 0). If σ B¯ and D satisfy that dist(σB, ∂D) = M > 0, then both | ⋆ du| and (dist(x, ∂D))−1 have the upper bounds in σ B¯.
Thus, for the term∫
B
|T (⋆du)− (T (⋆du))B|p 1g(dist(x, ∂D))dx, (4.3)
it is usually not easy to be estimated due to the complexity of the operator T and the function g . However, from Theorem 3.9,
(4.3) can be controlled by the term∫
σB
| ⋆ du|p 1
(dist(x, ∂D))λ
dx.
Thus, we obtain an upper bound of (4.3).
Example 4.2. Next, wewill show that sometimes flexibly choosing the indexes p and q can avoid complicated accumulation.
For n ≥ 2, let u be a (n− 1)-form defined in Rn by
u = x1
x21 + x22 + · · · + x2n
dx2 ∧ dx3 ∧ · · · ∧ dxn − x2
x21 + x22 + · · · + x2n
dx1 ∧ dx3 ∧ · · · ∧ dxn + · · ·
+ (−1)n−1 xn
x21 + x22 + · · · + x2n
dx1 ∧ dx2 ∧ · · · ∧ dxn−1.
It is easy to find that
|u| = 1 and du = n− 1
x21 + x22 + · · · + x2n
dx1 ∧ dx2 ∧ · · · ∧ dxn.
Take p = n. If we choose the usual (p, p)-type norm inequality to estimate the oscillation Tu − (Tu)B of Tu, where
B = B(0, r) ⊂ Rn is a ball, then we have∫
B
|Tu− (Tu)B|ndx
1/n
≤ C1
∫
B
|u|ndx
1/n
+
∫
B
|du|ndx
1/n
≤ C2

|B|1/n +
∫
B
1
|x|n dx
1/n
.
Obviously, it is difficult to estimate the above second term

B
1
|x|n dx due to singularity. However, note that if we choose q = n
and p = n− 1, then p and q satisfy the condition 0 ≤ 1/p− 1/q ≤ 1/n. Hence, using Theorem 3.2, we have∫
B
|Tu− (Tu)B|ndx
1/n
≤ C3
∫
B
|u|n−1dx
1/(n−1)
+
∫
B
|du|n−1dx
1/(n−1)
≤ C4

|B|1/(n−1) +
∫
B
1
|x|n−1 dx
1/(n−1)
≤ C4
|B|1/(n−1) + r · σn−1 ,
where σn−1 denotes the surface area of the unit sphere in Rn. Thus, we give an upper bound to the Ln-norm of Tu− (Tu)B.
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